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In this paper, we study first-order symmetric, hyperbolic systems of differential operator
with constant coefficients on Lp-spaces. We show that such systems can be governed
by some C-semigroups and as an application we consider the Dirac equation. Our result
improves that of Nicaise [S. Nicaise, The Hille–Yosida and Trotter–Kato theorems for
integrated semigroups, J. Math. Anal. Appl. 180 (1993) 303–316].
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
The Dirac equation is a relativistic quantum mechanical wave equation formulated by the British physicist Paul Dirac in
1928, and it provides a description of elementary spin-1/2 particles. It is given by
ih¯
∂ψ
∂t
= h¯c
i
(
α1
∂ψ
∂x1
+ α2 ∂ψ
∂x2
+ α3 ∂ψ
∂x3
)
+ α4mc2ψ, (1.1)
where ψ is the wavefunction, c is the speed of light, h¯ is Planck’s constant, and α1, α2, α3, α4 are Dirac matrices given by
α1 =
0 0 0 10 0 1 00 1 0 0
1 0 0 0
 , α2 =
0 0 0 −i0 0 i 00 −i 0 0
i 0 0 0
 ,
α3 =
0 0 1 00 0 0 −11 0 0 0
0 −1 0 0
 , α4 =
1 0 0 00 1 0 00 0 −1 0
0 0 0 −1
 .
If units are as chosen so that all constants are equal to 1, then the representation (1.1) can be compactly written as a
symmetric, hyperbolic system on Lp(R3)4 of the form
d
dt
(
v
w
)
=
(
0 Ap
Ap 0
)(
v
w
)
+ i
(
I 0
0 −I
)(
v
w
)
,
(
v(0)
w(0)
)
=
(
v0
w0
)
(1.2)
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where
Ap :=
(
D3 D1 − iD2
D1 + iD2 −D3
)
, Dj := ∂
∂xj
(j = 1, 2, 3) (1.3)
with domain D(Ap) := {f ∈ Lp(R3)2 : Apf ∈ Lp(R3)2}.
By a classical result of Brenner [2], the Dirac operator
Dp :=
(
0 Ap
Ap 0
)
+ i
(
I 0
0 −I
)
,
with domainD(Dp) := D(Ap)×D(Ap), generates a C0-semigroup on Lp(R3)4 if and only if p = 2. Thismeans that the solution
of the Dirac’s equation is not governed by a C0-semigroup on Lp-space if p 6= 2. However, Hieber [4] shows that the Dirac
operator generates an α-times integrated semigroup whenever α ≥ 2|1/2− 1/p| + 1. Nicaise [7] improves Hieber’s result
to α ≥ 2|1/2− 1/p|, and α is an integer.
In this paper we will study the Dirac equation by the theory of C-semigroups. One of the main reasons to consider C-
semigroups is their flexibility in applications to evolution equations (see e.g. [5]). By using Miyachi’s Fourier multiplier
theorem, we are able to deal with the critical index case, and the index α also can be a fractional.
Our paper is organized as follows. In Section 2we give some preliminaries on Fouriermultipliers and C-semigroups. Next
in Section 3 we consider the symmetric, hyperbolic systems of first order. We will show in Theorem 3.3 that such system
can be governed by a C-semigroup, which extends the result of Arendt et al. [1] and Brenner [2]. As a consequence of this, in
Section 4we are able to show that theDirac operator generates some C-semigroups,which improves the result of Nicaise [7].
2. Preliminaries
Wewill write x = (x1, x2, . . . , xn) for vectors in Rn, xα = xα11 · · · xαnn , S(Rn) for the Schwartz space on Rn, and S′(Rn) for
the tempered space of S(Rn). We will denote by F the Fourier transform and by F −1 its inverse.
Definition 2.1. Let f : Rn → C be an absolutely regular function; we call f a Fouriermultiplier for Lp(Rn) ifF −1(f ·(F ϕ)) ∈
Lp(Rn) for all ϕ ∈ S(Rn) and if
‖f ‖Mp(Rn) := sup{‖F −1(f · (F ϕ))‖Lp(Rn) : ϕ ∈ S(Rn), ‖ϕ‖Lp(Rn) ≤ 1} <∞.
We denote the space of all Fourier multipliers for Lp(Rn) by Mp(Rn) with norm ‖ · ‖Mp(Rn). Then Fourier multipliers are
bounded functions andMp(Rn) is a Banach space.
For N ∈ N, we let MNp (Rn) be the space of all matrices a = (aij)1≤i,j≤N , where aij ∈ Mp(Rn). Each such matrix a
defines a bounded operator F −1aF on Lp(R)N , where F : Lp(R)N → Lp(R)N acts on each coordinate function, and matrix
multiplication operates as usual. The norm onMNp (R
n) is taken to be the norm of operator F −1aF when Lp(R)N is given
the norm of Lp(Rn × {1, . . . ,N}).
The basic properties of Fourier multipliers are collected in the following (see [1]).
Lemma 2.2. Let 1 ≤ p ≤ ∞, N ∈ N. The following statements hold:
(a) MNp (R
n) is a Banach algebra.
(b) MN2 (R
n) = L∞(Rn,L(CN)) := {(aij)1≤i,j≤N : aij ∈ L∞(Rn)}.
(c) MNp (R
n) =MNp′(Rn) where 1p + 1p′ = 1.
(d) MN1 (R
n) ⊂MNp (Rn) ⊂MN2 (Rn). Moreover, for a ∈MN1 (Rn),
‖a‖MNp (Rn) ≤ ‖a‖θMN1 (Rn)‖a‖
1−θ
MN2 (R
n)
where θ := 2| 1p − 12 |.
(e) For a given a ∈MNp (Rn) define at(ξ) := a(tξ) for t > 0, ξ ∈ Rn. Then at ∈MNp (Rn) and
‖at‖MNp (Rn) = ‖a‖MNp (Rn) (t > 0).
Now let us recall the definitions and generation theorem of C-semigroups [8].
Definition 2.3. Let X be a Banach space, C ∈ B(X) be injective. A strongly continuous family of bounded operators,
{S(t)}t≥0 ⊂ B(X), is called a C-semigroup if S(0) = C and S(t)S(s) = S(t + s)C for t, s ≥ 0. The closed operator A,
defined by
Ax = C−1 lim
t↓0
(
S(t)x− Cx
t
)
, x ∈ D(A)
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with
D(A) =
{
x ∈ X : lim
t↓0
S(t)x− Cx
t
exists and is in R(C)
}
is called the generator of {S(t)}t≥0.
{S(t)}t≥0 is exponentially bounded if there are constantsM, ω ∈ R such that ‖S(t)‖ ≤ Meωt for t ≥ 0.
Lemma 2.4. A generates an exponentially bounded C-semigroup if and only if
(a) there exists an ω ∈ R such that (ω,∞) ⊂ ρC (A) := { λ : λ− A is injective and R(C) ⊂ R(λ− A) }, C−1AC = A and
(b) there is a strongly continuous exponentially bounded family of bounded operators {S(t)}t≥0 such that (λ − A)−1Cx =∫∞
0 e
−λtS(t)xdt for λ > ω, x ∈ X.
In this case, {S(t)}t≥0 is the C-semigroup generated by A.
Let P(x) = −|x|2 = −(x21 + x22 + · · · + x2n); we define ∆p = F −1(PF f ) for f ∈ D(∆p), where D(∆p) = {f ∈ Lp(Rn) :
F −1(PF f ) ∈ Lp(Rn)}.
For α ≥ 0 (not necessary an integer), we will writeWα,p(Rn) for the completion of S(Rn) under the norm
‖f ‖Wα,p(Rn) = ‖f ‖Lp(Rn) + ‖F −1((1+ |x|2)α/2F f )‖Lp(Rn).
Note that if α ∈ N, 1 < p <∞, thenWα,p(Rn) is the usual Sobolev space.
And we also need the following lemma from [5].
Lemma 2.5. (a) If 1 ≤ p <∞, then {λ : Reλ > 0} = ρ(∆p); D(∆p) = W2,p(Rn) when 1 < p <∞.
(b) (1−∆p)−α f = F −1((1+ |ξ |2)−αF f ) for all f ∈ Lp(Rn), α ≥ 0.
(c) (1−∆p)−α/2Wβ,p(Rn) = Wα+β,p(Rn) for all α, β ≥ 0.
3. The main results
In this section, we consider the initial value problem{
∂u
∂t
= Au x ∈ Rn, t ≥ 0
u(x, 0) = u0(x) x ∈ Rn
(3.1)
where u : R+ × Rn → Cn and A is an N × N-matrix whose entries are differential operators with constant coefficients of
ordermij. The realization of A in Lp(Rn)N(1 ≤ p ≤ ∞) is defined as follows. Let a : Rn → L(CN) be of the form
a(ξ) :=
( a11(ξ) · · · a1N(ξ)
· · · · · · · · ·
aN1(ξ) · · · aNN(ξ)
)
(ξ ∈ Rn) (3.2)
where aij(ξ) :=∑|α|≤mij aijα(iξ)α . Letm := max{mij : 1 ≤ i, j ≤ N}. Then a(ξ) = a0(ξ)+ a1(ξ)+ · · · + am(ξ), where each
term aj(0 ≤ j ≤ m) is homogeneous of degree j. The term am is called the principal part of a. For 1 ≤ p ≤ ∞we define
Apf := F −1(aF f ),
D(Ap) := {f ∈ Lp(Rn)N : F −1(aF f ) ∈ Lp(Rn)N},
(3.3)
where the Fourier transform of vector functions is defined by applying the transform elementwise.
Our main results are based on the following lemmas.
Lemma 3.1. Let 1 < p <∞. Then vαt (ξ) := eit|ξ |(1+ |ξ |2)−α/2 belongs toMp(Rn) provided α ≥ (n− 1)| 12 − 1p | and
‖vαt (ξ)‖Mp(Rn) ≤ M(1+ |t|)α (t ∈ R).
Proof. Weonly show the result for t ≥ 0. The proof for t < 0 is analogous. Letψ ∈ C∞c (Rn) such that 0 ≤ ψ ≤ 1, ψ(ξ) = 1
if |ξ | ≤ 1 and ψ(ξ) = 0 if |ξ | ≥ 2. We rewrite vαt (ξ) as follows:
vαt (ξ) = vα(tξ)vα,t(ξ),
where
vα(tξ) = eit|ξ |(1+ |tξ |2)−α/2,
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and
vα,t(ξ) = (1+ |tξ |2)α/2(1+ |ξ |2)−α/2.
By the proof of Lemma 1 in [6], we know that vα,t(ξ) ∈Mp(Rn) and
‖vα,t(ξ)‖Mp(Rn) ≤ M1(1+ t)α
for every 1 < p < ∞. By Example 8.2.5 and Lemma 8.2.4 in [1], we know that ψ(ξ)ei|ξ | ∈ M1(Rn) ⊂ Mp(Rn). It thus
follows from Lemma 2.2 (a) that
ψ(ξ)eit|ξ |(1+ |tξ |2)−α/2 ∈Mp(Rn).
On the other hand, since
|Dk(1+ |ξ |2)−α/2| ≤ M2|ξ |−α−|k|,
it follows from Corollary 2 in [6] that
(1− ψ(ξ))(1+ |ξ |2)−α/2ei|ξ | ∈Mp(Rn)
provided α ≥ (n − 1)| 12 − 1p |. Thus we obtain that ei|ξ |(1 + |ξ |2)−α/2 ∈ Mp(Rn) for 1 < p < ∞. Moreover, by Lemma 2.2
(e) we have
vα(tξ) = ei|tξ |(1+ |tξ |2)−α/2 ∈Mp(Rn)
and
‖ei|tξ |(1+ |tξ |2)−α/2‖Mp(Rn) = ‖ei|ξ |(1+ |ξ |2)−α/2‖Mp(Rn) ≤ M3.
Combining these results yields our result. 
For the system (3.1), we have
Lemma 3.2. Let 1 < p < ∞. Assume that a of the form (3.1) is homogeneous of the degree m for some m ≥ 1. Suppose that
σ(a(ξ)) = {iα1|ξ |, iα2|ξ |, . . . , iαN |ξ |} for all ξ ∈ Rn, whereαi ∈ R andαi 6= 0(i = 1, 2 · · ·N). If A2 generates a C0-semigroup
on L2(Rn)N , then the function uαt : Rn → L(CN) defined by
uαt (ξ) := (1+ |ξ |2)−α/2eta(ξ) (t ≥ 0, ξ ∈ Rn)
belongs toMNp (R
n) and
‖uαt (ξ)‖MNp (Rn) ≤ M(1+ t)α (t ≥ 0) (3.4)
provided α ≥ (n− 1)| 12 − 1p |.
Proof. By Lemma 8.48 in [1], one knows that
eta(ξ) = ΣNj=1eitαj|ξ |Φj(ξ), (3.5)
whereΦj ∈ C∞(Rn\{0},L(CN)) is homogeneous of degree 0 for j = 1, . . . ,N andΦj ∈MNp (Rn). It follows fromLemmas 2.2
and 3.1 that
ξ 7→ (1+ |ξ |2)−α/2eitαj|ξ |
belongs to MNp (R
n) provided α ≥ (n − 1)| 12 − 1p |. Thus we conclude from (3.5) that uαt (ξ) ∈ MNp (Rn) provided
α ≥ (n− 1)| 12 − 1p |. Moreover, by the estimate in Lemma 3.1 we have (3.4). 
Now we are able to extend Brenner’s result [2] to a C-semigroup version.
Theorem 3.3. Let 1 < p < ∞. Assume that a(ξ) of the form (3.1) is homogeneous of the degree m for some m ≥ 1.
Suppose that σ(a(ξ)) = {iα1|ξ |, iα2|ξ |, . . . , iαN |ξ |} for all ξ ∈ Rn, where α1, α2, . . . , αN ∈ R. If A2 generates a C0-
semigroup on L2(Rn)N , then Ap generates a Cα-semigroup on Lp(Rn)N if α ≥ (n − 1)| 12 − 1p |, where Ap is defined in (3.3)
and Cα = diag(F −1(1+ |ξ |2)−α/2F , . . . ,F −1(1+ |ξ |2)−α/2F )N .
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Proof. Let uαt = eta(ξ)(1 + |ξ |2)−α/2, S(t) = F −1(uαt F ). Then it follows from Lemma 3.2 that S(0) = Cα and ‖S(t)‖ ≤
M(1+ t)α(t ≥ 0).
In order to show the strong continuity of S(t), we use the identity (3.5) for eta(ξ) in Lemma3.2. By themean value theorem,
for every j = 1, 2, . . . ,N , there exists a t ′j ∈ (t, t0) such that
(1+ |ξ |2)−α/2eitαj|ξ |Φj(ξ)− (1+ |ξ |2)−α/2eit0αj|ξ |Φj(ξ)
= (t − t0)(1+ |ξ |2)−α/2eit ′jαj|ξ |Φj(ξ) · iαj|ξ |.
Then, since for any f ∈ S(Rn)N ,F −1(iαj|ξ |F f ) ∈ S(Rn)N , we obtain
‖F −1((1+ |ξ |2)−α/2eitαj|ξ |Φj(ξ)F f )− F −1((1+ |ξ |2)−α/2eit0αj|ξ |Φj(ξ)F f )‖
≤ |t − t0| · ‖(1+ |ξ |2)−α/2eit ′jαj|ξ |Φj(ξ)‖MNp (Rn) · ‖F −1(iαj|ξ |F f )‖.
Therefore t 7→ F −1((1 + |ξ |2)−α/2etaj|ξ |Φj(ξ)F f ) is strongly continuous on S(Rn)N for j = 1, 2, . . . ,N . Since S(R)N is
dense in Lp(R)N (1 < p <∞) and S(t) are uniformly bounded on compact intervals, we obtain the strong continuity of S(t)
on Lp(Rn)N .
For λ > 0, f ∈ S(Rn)N(1 < p <∞), by Fubini’s theorem∫ ∞
0
e−λtS(t)f dt =
∫ ∞
0
e−λtF −1(uαt F f )dt
=
∫ ∞
0
e−λtF −1(eta(ξ)(1+ |ξ |2)−α/2F f )dt
= F −1
(∫ ∞
0
eta(ξ)−λtdt
)
(1+ |ξ |2)−α/2F f
= F −1(λ− a(ξ))−1F Cα f
= R(λ,Ap)Cα f ,
it follows that R(λ,Ap)Cα f =
∫∞
0 e
−λtS(t)f dt for all f ∈ Lp(Rn)N .
If f ∈ D(Ap), then F −1(a(ξ)F (S(t)f )) = F −1(uαt · a(ξ)F f ) = F −1(uαt F Apf ) ∈ Lp(Rn)N . Thus S(t)D(Ap) ⊂ D(Ap)
and ApS(t)f = S(t)Apf for all f ∈ D(Ap). Taking t = 0 leads to CαD(Ap) ⊂ D(Ap) and ApCα f = CαApf for f ∈ D(Ap),
which implies Ap ⊂ C−1α ApCα . On the other hand, if f ∈ D(C−1α ApCα), that is, F −1((1 + |ξ |2)−α/2F f ) ∈ D(Ap)
and there exists g ∈ Lp(Rn)N such that F −1(a(ξ) · (1 + |ξ |2)−α/2F f ) = F −1((1 + |ξ |2)−α/2F g), then we have that
F −1(a(ξ) ·F f ) = g ∈ Lp(Rn)N , which implies C−1α ApCα ⊂ Ap. Combining these results we getAp = C−1α ApCα . Hence, the
assertion follows from Lemma 2.4. 
4. Dirac’s equation
In this section we will apply the result of Section 3 to the Dirac equation mentioned in Section 1.
Let Ap be as in (1.3),Ap =
(
0 Ap
Ap 0
)
, andB = i
(
I 0
0 −I
)
.
Theorem 4.1. Let 1 < p < ∞. Then the Dirac operator Dp = Ap + B on Lp(R3)4, with domain D(Ap) × D(Ap), generates a(
Cα 0
0 Cα
)
-semigroup on Lp(R3)4, where
Cα =
(
(1−∆p)−α/2 0
0 (1−∆p)−α/2
)
provided α ≥ 2|1/2− 1/p|.
Proof. The eigenvalues of Ap are λ1,2 = ±i|ξ |. Thus by Theorem 3.3, Ap and −Ap generate a Cα-semigroup {T (t)}t≥0 and
{S(t)}t≥0 on Lp(R3)2, respectively.
We define A˜p :=
(
Ap 0
0 −Ap
)
and B˜ := i
(
0 I
I 0
)
; thenDp = U(A˜p + B˜)U−1, where U = 1√2
(
I I
I −I
)
. Let T (−t) := S(t)
for all t ≥ 0; by the estimates in Lemma 3.2 we can define
Y =: {x ∈ Lp(R3)2|t 7→ C−1α e−|t|T (t)x is a uniformly continuous map from R into Lp(R3)2 and ‖x‖Y <∞}
with ‖x‖Y := sup{‖C−1α e−|t|T (t)x‖, t ∈ R}, which is a Banach space by a proof similar to that of Proposition 3.1 in [3], and
(1) both Ap|Y and−Ap|Y generate C0-semigroups on Y ,
(2) [Cα(Lp(R3)2)] ↪→ Y ↪→ Lp(R3)2.
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So A˜p |˜Y =
(
Ap|Y 0
0 −Ap|Y
)
generates a C0-semigroup on Y˜ := Y × Y . For all y =
(
x1
x2
)
∈ Y˜ , it is easyto see that B˜y ∈ Y˜
and ‖B˜y‖Y˜ = ‖y‖Y˜ , which implies that B˜ |˜Y is a bounded operator on Y˜ . It thus follows from the perturbation theorem for
C0-semigroups that A˜p |˜Y + B˜ |˜Y also generates a C0-semigroup on Y˜ . Since
(
Cα 0
0 Cα
)
(A˜p + B˜)
(
Cα 0
0 Cα
)−1 = A˜p + B˜, by
Theorem 3.16 in [3], A˜p + B˜ generates a
(
Cα 0
0 Cα
)
-semigroup on Lp(R3)4. Thus so doesDp = U(A˜p + B˜)U−1. 
From the theory of C-semigroups we know that if A generates a C-semigroup, then the corresponding Cauchy problem
has a unique classical solution for initial values in CD(A). So we have
Corollary 4.2. The Dirac equation (1.2) has a unique classical solution for all initial values in Wβ+1,p(R3)4, where β =
2|1/2− 1/p|.
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